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Emphasis on readable code 
Out[ ]=

<latexit sha1_base64="sZsUWQUQZSRtjAimcY9V7RVKvWM="></latexit>

E =
q

4⇡"0R2
R̂RR =

q

4⇡"0(RRR ·RRR)3/2
RRR

In [ ] := r = {x, y, z}; r′ = {x′, y′, z′}; ℛ = r - r′;

Ε =
q

4 π ε0 (ℛ.ℛ)3/2
ℛ

There is some “work around”



There is some “work around”

1) The letter E is taken by Mathematica to be Euler’s constant.

In [ ] := E
Out[ ]=

ⅇ

In [ ] := E === ⅇ

Out[ ]=

True

Solution:  use the Greek letter Ε, which looks nearly the same.

In [ ] := Ε === E
Out[ ]=

False

2) The prime symbol is taken by Mathematica to be differentiation.

In [ ] := f[x_] := x2; f'[x]
Out[ ]=

2 x

Solution:  use the Special Character symbol ′, which looks nearly the same.

In [ ] := x' === x′
Out[ ]=

False

The electric field for a moving charge is complicated! It depends on 3 vectors (ℛ, v, and a) and It has to 
be evaluated at an earlier time:

t -
ℛ

c

Ε =
q

4 π ε0  ℛ.ℛ c - ℛ.v
3

-(ℛ c - ℛ.v) ℛ.ℛ a +  c 2 - v.v + ℛ.a  c ℛ - ℛ.ℛ v
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Emphasis on units 

In [ ] := q = e ;

r = RandomReal[1, 3] nm ;

r′ = RandomReal[1, 3] nm ;

ℛ = r - r′;

Ε =
q

4 π ε0 (ℛ.ℛ)3/2
ℛ;

UnitConvertΕ,
V

m


Out[ ]=

 -7.74942× 108 V/m , -4.91396× 109 V/m , -7.16616× 108 V/m 

Fear no integral 

Line of charge (textbook problem)
<latexit sha1_base64="BKQ7ne8skyuhvp37C1wzvdbj7T4="></latexit>

dE =
dq

4⇡"0(RRR ·RRR)3/2
RRR

<latexit sha1_base64="NtXp62F/7HzXU1SAYh+sGjYxm2Y=">AAACCHicbVDLSsNAFL2pr1pfVZduBovoqiTiayMU3bisYB/QxjKZTNqhk0ycmYgl9Af8Arf6Be7ErX/hB/gfTtssbOuBC4dzzuVejhdzprRtf1u5hcWl5ZX8amFtfWNzq7i9U1cikYTWiOBCNj2sKGcRrWmmOW3GkuLQ47Th9a9HfuORSsVEdKcHMXVD3I1YwAjWRrr3Hy7b3KR9jPynw06xZJftMdA8cTJSggzVTvGn7QuShDTShGOlWo4dazfFUjPC6bDQThSNMenjLm0ZGuGQKjcdfz1EB0bxUSCkmUijsfp3I8WhUoPQM8kQ656a9Ubif14r0cGFm7IoTjSNyORQkHCkBRpVgHwmKdF8YAgmkplfEelhiYk2RU1d8RIuumJoenFmW5gn9eOyc1Y+vT0pVa6yhvKwB/twBA6cQwVuoAo1ICDhBV7hzXq23q0P63MSzVnZzi5Mwfr6BZ59mmk=</latexit>

dq = �dx0
<latexit sha1_base64="RhHY+KvunrhlWp2nho1HZYOVkpM="></latexit>

E =
�

4⇡"0

L/2Z

�L/2

dx0RRR
(RRR ·RRR)3/2
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In [ ] := Graphics{Opacity[0.5], Green, Line[{{.25, 0}, {0.27, 0}}]},

Line[{{-0.01, -0.025}, {-0.01, 0.025}}],
Line[{{1 + 0.01, -0.025}, {1 + 0.01, 0.025}}],
Style[Text["r'", {0.375, -0.05}], 18, Bold ],
Style[Text["r", {0.55, 0.25}], 18, Bold ],
Style[Text["ℛ", {0.32, 0.25}], 18, Bold],

Style[Text["𝒫", {0.5, 0.5}], 12], StyleText"-
L

2
", {-.015, -0.09}, 12,

StyleText"
L

2
", {1.015, -0.09}, 12, Style[Text["ⅆq", {0.26, -0.05}], 12],

{Thickness[0.005], Arrow[{{0.5, 0}, {0.5, 0.47}}],
Arrow[{{0.26, 0}, {0.49, 0.47}}], Arrow[{{.5, 0}, {.25, 0}}]}, Thickness[0.02],

{Opacity[0.3], Orange, Line[{{0, 0}, {1, 0}}]}, Thickness[0.005], Blue,

Arrow[{{0.5, 0}, {0.5, 0.1}}], StyleText"z"


, {0.55, -0.05}, 12,

StyleText"x"


, {0.47, 0.05}, 12, Arrow[{{0.5, 0}, {0.6, 0}}],

{Opacity[0.4], Darker[Green], Line[{{.25, 0}, {0.27, 0}}]}

Out[ ]=

In[ ] := r = {x, 0, 0}; r′ = {0, 0, z′}; ℛ = r - r′; $Assumptions = {L > 0, x ∈ ℝ, x ≠ 0};

Ε =
λ

4 π ε0


-L/2

L/2
ℛ

( ℛ.ℛ)3/2
ⅆz′ /. λ →

Q

L

Out[ ]=


Q

2 π x L2 + 4 x2 ε0
, 0, 0

Off the symmetry axis, the problem is non-trivial. 
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Out[ ]=

In[ ] := Clear[Ε]; r = {x, y, z}; r′ = {0, 0, z′}; ℛ = r - r′;

Ε[z′_] =
λ

4 π ε0


ℛ

(ℛ.ℛ)3/2
ⅆz′; (*two steps for speed *)

Ε = SimplifyΕ
L

2
 - Ε-

L

2
 /. λ →

Q

L


Out[ ]=



Q x L-2 z
2 L2-4 L z+4 x2+y2+z2

+ L+2 z
2 L2+4 L z+4 x2+y2+z2

2 L π x2 + y2 ε0
,

Q y L-2 z
2 L2-4 L z+4 x2+y2+z2

+ L+2 z
2 L2+4 L z+4 x2+y2+z2

2 L π x2 + y2 ε0
,
Q 1

L2-4 L z+4 x2+y2+z2
- 1

L2+4 L z+4 x2+y2+z2

2 L π ε0


In [ ] := Series[Ε, {x, ∞, 2}] (*check result at large distance*)
Out[ ]=


Q

4 π ε0 x2
+ O

1

x

3
, O

1

x

3
, O

1

x

3


In [ ] := Series[Ε, {y, ∞, 2}]
Series[Ε, {z, ∞, 2}]

Out[ ]=

O
1

y

3
,

Q

4 π ε0 y2
+ O

1

y

3
, O

1

y

3


Out[ ]=

O
1

z

3
, O

1

z

3
,

Q

4 π ε0 z2
+ O

1

z

3


In [ ] := UnitConvertΕ /. Q → 1. nC , L → 1. cm , x → 1. cm , y → 2. cm , z → 1.25 cm , ε0 → ε0 ,
V

m


(*numerical answer*)
Out[ ]=

 5362.27 V/m , 10 724.5 V/m , 6454.75 V/m 

mit-wolfram.nb    5



In [ ] := Simplify[∇{x,y,z} ⨯Ε](*check for zero Curl*)
Out[ ]=

{0, 0, 0}

In [ ] := $Assumptions = {L > 0, 𝓇 > 0, 𝓏 ∈ ℝ, 0 < ϕ < 2 π};

cyl = TransformedField"Cartesian" → "Cylindrical", Ε.Ε , {x, y, z} → {𝓇, ϕ, 𝓏} //

Simplify(*check magnitude does not depend on ϕ*)

Out[ ]=

Q2 L4+L2 8 𝓇2-8 𝓏2+ L4+8 L2 𝓇2-𝓏2+16 𝓇2+𝓏22 -4 𝓇2+𝓏2 -4 𝓇2-4 𝓏2+ L4+8 L2 𝓇2-𝓏2+16 𝓇2+𝓏22 

L2 𝓇2 L2-4 L 𝓏+4 𝓇2+𝓏2 L2+4 L 𝓏+4 𝓇2+𝓏2 ε0
2

2 2 π

Sphere of charge
Out[ ]=

In[ ] := ClearAll["Global`*"];
$Assumptions = {r > 0, R > 0, z > 0};
r = {0, 0, z};
r′ = FromSphericalCoordinates[{R, θ′, ϕ′}];
ℛ = r - r′;

Ε[θ′_] =
σ

4 π ε0

R2 Sin[θ′] ℛ

(ℛ.ℛ)3/2
ⅆθ′;

Ε[ϕ′_] =  (Ε[π] - Ε[0]) ⅆϕ′;

Ε = (Ε[2 π] - Ε[0]) /. σ →
q

4 π R2
// Simplify

Out[ ]=

0, 0,
q

4 π z2 ε0
R < z

0 True

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Ring of Current
Out[ ]=

In[ ] := ClearAll["Global`*"]; $Assumptions = {b > 0, ϕ′ > 0, r > b};
ℛ = r {Sin[θ], 0, Cos[θ]} - b {Cos[ϕ′], Sin[ϕ′], 0};

A =
μ0 ℐ

4 π
AsymptoticIntegrate

b Cos[ϕ′]

ℛ.ℛ
, {ϕ′, 0, 2 π}, {r, ∞, 2} {0, 0, 1}

Out[ ]=

0, 0,
b2 ℐ Sin[θ] μ0

4 r2


In [ ] := B = CurlA /. ℐ b2 → m, {r, θ, ϕ}, "Spherical"
Out[ ]=


m Cos[θ] μ0

2 r3
,
m Sin[θ] μ0

4 r3
, 0

In [ ] := UnitConvertB /. m → 10 cm 2 3 A , r → 1 m , θ →
π

6
, μ0 → μ0 , B〚3〛 → 0 T , T 

Out[ ]=

 1.63241943× 10-8 T , 4.71238898× 10-9 T , 0 T 

mit-wolfram.nb    7



In [ ] := B = TransformedField["Spherical" → "Cartesian",
B /. {m → 1, μ0 → 1}, {r, θ, ϕ} → {x, y, z}]

Out[ ]=


3 x z

4 x2 + y2 + z25/2
,

3 y z

4 x2 + y2 + z25/2
, -

x2 + y2

4 x2 + y2 + z25/2
+

z2

2 x2 + y2 + z25/2


In [ ] := StreamPlot3D[B, {x, -4, 4}, {y, -4, 4}, {z, -4, 4}]
Out[ ]=

Vector potential of current loop:

In [ ] := Curl
μ0 Sin[θ]

4 π r2
m {0, 0, 1}, {r, θ, ϕ}, "Spherical"

Out[ ]=


m Cos[θ] μ0

2 π r3
,
m Sin[θ] μ0

4 π r3
, 0

In [ ] := ClearAll["Global`*"]; m = π b2 ℐ {0, 0, 1};
r = {x, y, z};

SimplifyCurl
μ0 m⨯r

4 π (r.r)3/2
, {x, y, z} ⩵ Simplify

μ0

4 π

3 ( r.m) r

(r.r)5/2
-

m

(r.r)3/2


Out[ ]=

True
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In [ ] := ClearAll["Global`*"];

SimplifyTransformedField"Cartesian" → "Spherical",

∇{x,y,z} ⨯ ∇{x,y,z} ⨯
{0, 0, 1}

x2 + y2 + z2
, {x, y, z} → {r, θ, ϕ}

Out[ ]=


2 Cos[θ]

r23/2
,
Sin[θ]

r23/2
, 0

In [ ] := SimplifyTransformedField"Cartesian" → "Spherical",

-∇{x,y,z} - ∇{x,y,z} ·
{0, 0, 1}

x2 + y2 + z2
, {x, y, z} → {r, θ, ϕ}

Out[ ]=


2 Cos[θ]

r23/2
,
Sin[θ]

r23/2
, 0

In [ ] := A = {f[x, y, z], g[x, y, z], h[x, y, z]};
B = {p[x, y, z], q[x, y, z], r[x, y, z]};
∇{x,y,z} ⨯(∇{x,y,z} ⨯A) ⩵ ∇{x,y,z} (∇{x,y,z} · A) - ∇{x,y,z}

2 A
Out[ ]=

True

Visualization 
In [ ] := ClearAll["Global`*"];

$Assumotion = L > 0;
r = {x, y, z};
r′ = {0, 0, z′};
ℛ = r - r′;

Ε[z′_] =
λ

4 π ε0


ℛ

(ℛ.ℛ)3/2
ⅆz′; (*two steps for speed *)

Ε = SimplifyΕ
L

2
 - Ε-

L

2
 /. λ →

Q

L
;
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In [ ] := SliceVectorPlot3D[Ε /. {Q → 1, ε0 → 1, L → 1},
RegionBoundary[Cylinder[{{0, 0, -1}, {0, 0, 1}}, 1]],
{x, y, z} ∈ Cylinder[{{0, 0, -1}, {0, 0, 1}}, 1],
PlotStyle → Opacity[.2], BoxRatios → Automatic]

Out[ ]=

In[ ] := $Assumptions = {L > 0};
N[SurfaceIntegrate[Ε,

{x, y, z} ∈ RegionBoundary[Cylinder[{{0, 0, -L}, {0, 0, L}}, L]]]]
Out[ ]=

1. Q

ε0

Out[ ]=

In[ ] := ClearAll["Global`*"];
eqns = ∇{x,y}

2 u[x, y] ⩵ 0, u[0, y] ⩵ V, u[a, y] ⩵ V, u[x, 0] ⩵ 0, u[x, b] ⩵ 0;

sol = FullSimplify[DSolveValue[eqns, u[x, y], {x, y}]]
Out[ ]=


K[1]=1

∞ 1

π K[1]
4 V Csch

a π K[1]

b
 × Sign[b] ×

Sin
π y K[1]

b
 Sin

π K[1]

2 Sign[b]

2

Sinh
π (a - x) K[1]

b
 + Sinh

π x K[1]

b

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In [ ] := a = 2; b = 1; V = 1; Ω = Rectangle[{0, 0}, {a, b}];
solution = sol /. {∞ → 500} // Activate;
Plot3D[solution // Evaluate, {x, y} ∈ Ω,
ImageSize → Medium, PlotRange → All, AxesLabel → {x, y, V}]

Out[ ]=

Electrodynamics 1 
In [ ] := << Notation`

Symbolize[ParsedBoxWrapper[SubscriptBox["_", "_"]]]

In [ ] := $Assumptions = {X ∈ Reals, Y ∈ Reals, z ∈ Reals};
c = 1; ω = 2 π; a = 2; b = 1;

k =
1.

c
ω2 - c2 π2

1.

a

2
+

1.

b

2
;

Εz = Sin
π x

a
 × Sin

π y

b
;

Εx =
ⅈ

(ω / c)2 - k2
(k ∂xΕz); Εy =

ⅈ

(ω / c)2 - k2
(k ∂yΕz);

Bx =
ⅈ

(ω / c)2 - k2
-

ω

c2
∂yΕz ; By =

ⅈ

(ω / c)2 - k2
ω

c2
∂xΕz ;

Ε = ⅇⅈ (k z-ω t) {Εx, Εy, Εz} /. {x → X a, y → Y b};
B = c ⅇⅈ (k z-ω t) {Bx, By, 0.} /. {x → X a, y → Y b};

Ε = Re[ComplexExpand[Ε, TargetFunctions → {Re, Im}]] // FullSimplify;
B = Re[ComplexExpand[B, TargetFunctions → {Re, Im}]] // FullSimplify;

Bs = Table[B, {t, 0., 1., 0.01}];
Es = Table[Ε, {t, 0., 1., 0.01}];
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In [ ] := plots = Table[Show[ListStreamPlot3D[
Table[Es〚i〛, {X, 0., 1., 0.05}, {Y, 0., 1., 0.05}, {z, 0., 1.2, 0.06}],
BoxRatios → {1, 0.5, 2.4}, StreamPoints → 100, StreamMarkers → "Arrow",
StreamScale → {0.1, 20, 0.05}, PerformanceGoal → "Speed"],

ListStreamPlot3D[Table[Bs〚i〛, {X, 0., 1., 0.05}, {Y, 0., 1., 0.05},
{z, 0., 1.2, 0.06}], BoxRatios → {1, 0.5, 2.4},

StreamPoints → 250, StreamColorFunction → Hue, StreamMarkers → "Line",
StreamScale → {Full, 20}, PerformanceGoal → "Speed"]], {i, 1, 100}];

In [ ] := animation = ListAnimate[plots, AnimationRate → 5]
Out[ ]=
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Electrodynamics 2 
Out[ ]=

𝒪

r'(tr)

ℛ (tr)retarded time

now
q

𝒫
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In [ ] := ClearAll["Global`*"];
βmax = .95

sol = Solve
1

mf2 + 12
⩵ βmax, mf; T = 1; t0 = 16 T;

mf = -sol〚All, 1, 2〛.{0, 1};

x[t_] = Piecewise- mf2 + t2 + Abs[mf], t < 0, {0, t > 0};

β[t_] = Piecewise-
t

mf2 + t2
, 0 < -t < T, 

T

mf2 + T2
, -t > T, {0, t > 0};

α[m_, t_] := 2 ArcTan
1 - β[t]

1 + β[t]
Tan

(m - 1/ 2) π

36
;

nmax = 50;
ParametricPlot[Table[{x[t0 - n / nmax] + (n/ nmax) Cos[α[m, t0 - n/ nmax]],

(n/ nmax) Sin[α[m, t0 - n/ nmax]]}, {m, 1, 36}], {n, 1, 2000}]
Out[ ]=

0.95

Out[ ]=

-30 -20 -10 10

-40

-20

20

40
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-30 -20 -10 10

-40

-20

20

40

In [ ] := ClearAll["Global`*"];
T = 1; t0 = 32 T; βmax = .2

sol = Solve
1

mf2 + 12
⩵ βmax, mf;

mf = -sol〚All, 1, 2〛.{0, 1};

x[t_] := Piecewise mf2 + t2 - Abs[mf], t > 0, {0, t < 0};

β[t_] := Piecewise
t

mf2 + t2
, 0 < t < T, 

T

mf2 + T2
, t > T, {0, t < 0};

α[m_, t_] := 2 ArcTan
1 - β[t]

1 + β[t]
Tan

(m - 1/ 2) π

36
;

nmax = 25;
ParametricPlot[Table[{x[t0 - n / nmax] + (n/ nmax) Cos[α[m, t0 - n/ nmax]],

(n/ nmax) Sin[α[m, t0 - n/ nmax]]}, {m, 1, 36}], {n, 1, 2000}]
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-50 50

-50

50

In [ ] := a = .01; β = .2; γ =
1

1 - β2
; T = 2 π a / β;

α[R_, m_] := 2 ArcTan
1 - β

1 + β
Tan

(m - 1/ 2) π

12
-

γ β R

2 a
;

ParametricPlot[Table[{n Cos[(2 π n/ T) + α[n , m]], n Sin[(2 π n/ T) + α[n, m]]},
{m, 12}], {n, 0, 4}, PlotRange → {-1, 1}]

-1.0 -0.5 0.5 1.0

-1.0

-0.5

0.5

1.0

In [ ] := ω = 10; βmax = .1 ;

α[R_, m_] := 2 ArcTan
1 - βmax Cos[-ω R]

1 + βmax Cos[-ω R]
Tan

(m - 1/ 2) π

24
;

ParametricPlotTablen Cos
π

2
+ α[n , m], n Sin

π

2
+ α[n, m], {m, 24},

{n, 0, 4}, PlotRange → {-4, 4}
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In [ ] := ω = 4; βmax = .5;

α[R_, m_, t_] := 2 ArcTan
1 - βmax Cos[-ω R + t]

1 + βmax Cos[-ω R + t]
Tan

(m - 1/ 2) π

24
;

Video["EFieldLines"] = ListAnimate@Table

ParametricPlotTablen Cos
π

2
+ α[n , m, t], n Sin

π

2
+ α[n, m, t], {m, 24},

{n, 0, 4}, PlotRange → {-4, 4}, {t, 0, 2 π, .2}

Out[ ]=

-4 -2 2 4

-4

-2

2

4
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